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1. INTRODUCTION 
In 1960, Opial [1] published the following integro-differential nequality. 
THEOREM A. I f  f G Cl[0, h] satisfies f(O) = f(h) = 0 and f (x)  > 0 for x E (0, h), then 
/o I f(x)f'(x)l dx < ~ f '(x) 2 dx, (1.1) 
where the constant factor h/ 4 is best poesible. 
Inequality (1.1) has found much attention among many mathematicians, and in numerous 
articles new proofs, extensions, variants, and discrete analogues of Opial's theorem are presented. 
Furthermore, different authors have shown that Opial-type inequalities play an important role 
in proving the existence and uniqueness of initial and boundary value problems for differential 
and difference quations. An excellent survey on these inequalities can be found in the recently 
published monograph [2], which contains more than 200 references on this subject. 
Shortly after the publication of Opial's paper, Olech [3] provided a modified version of Theo- 
rem A. His result is stated in the following. 
THEOREM B. If f is absolutely continuous on [0, h] with f(O) = O, then 
(1.2) 
The sign of equality holds in (1.2) ffand only f i r(x) = cx, where c is a constant. 
Olech showed that inequality (1.1) can easily be deduced from (1.2); see [4, pp. 154-155]. In 
particular, he demonstrated that the additional assumption "f(x) > 0 for x e (0, h)", given in 
Theorem A, can be dropped. 
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In this paper, we consider an Opial-type inequality which involves higher-order derivatives of 
two functions. In 1995, Agarwal and Pang [5] established the following inequality. 
THEOREM C. Let r > 0, s > 0, and t > 1 be real numbers with t > s, and let n and k be 
integers with 0 < k < n - 1. Let p > 0 and q > 0 be measurable functions on [a, b]. Further, 
let f ,g  E C'~-l[a,b] with f(i)(a) = g(i)(a) = 0 for i = 0, . . .  ,n - 1, and let f(n-1) and g(n-t) be 
absolutely continuous on [a, b] such that the integra/s f :  p(x)if(n)(x)[ t dx and f :  p(x)ig(n)(x)[ t dx 
exist. Then we have 
L b q(z) [Ig (~) (z)I" I.t "(') (x)l ~ + I/(k) (x)I" Ig (") (x)I ~] dz 




2K ( s ~ ~lt 
((n -k - -  1)!) r ~,~-~(r -s ) )  
] 1-sit 
x [Lb(q(x)tp(x)-s) l l (t -~) P(x)~(t-1)/(t-S) dxJ , 
L 
~g 
P(x) = (x - u)(n-k-1)tl(t-1)p(u) ll(1-t) du, 
and 
S (2"/~ - 1)~/t' 
K 
t 1, 
if r>  s, 
i f r  < s. 
Obviously, the constant factor K = K(r, s, t) satisfies K _> 1. It is the main aim of this paper 
to prove that in inequality (1.3) the value K can be replaced by a number K* = K*(r ,s,t)  
which satisfies K* _< 1. Since K tends to oo if r tends to oo, we obtain a substantial improve- 
ment of inequality (1.3) for all sufficiently large r. Moreover, our main result contains Olech's 
inequality (1.2) as a special case, so that we get not only a sharpening of Theorem C, but also 
an extension of Theorem B. 
2. THE MAIN  RESULT  
The following refinement of inequality (1.3) holds. 
THEOREM 1. /if the assumptions of Theorem C are fulfilled, then inequality (1.3) remains valid 
if K is replaced by 
K* = ~" (1 -2 - r / s )  s/t, i fr>_s, 
( 2 -r/t ,  i f r  <_ s. 
PROOF. We follow the method of proof given in [5]. Since g(a) . . . . .  g(n-1)(a) = O, we obtain 
from Taylor's theorem for all x E [a, b]: 
L~ 1 (X -- u)n-k- lg (n) (U) du. 
g(k) (z )  - (n  - #7 - 1) ! 
(2.1)  
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From (2.1) and H61der's inequality we conclude 
(n - k - 1)! Ig(k)(x)[ 
£ <_ (x -- u)n-k-llg(n)(u)l du 
i" = (x - u)n-k-lp(u)-l/tp(u)l/tlg(n)(u)l du 
~_ (/aZCx--u)Cn-k-i)t/Ct-1)p(u)l/Cl-t) du) 1-1/t (JXp(u)lgC,)(u)lt du) l/t 




then we get 
so that (2.2) and (2.3) imply 
G(x) = p(u)lg(n)(u)l t du. 
£ F(x) = p(u)lf(n)(u)l t du; 
If ('`) (x)r  = F'(x)S/tP( x)-~/t, (2.3) 
q(x)]g(k)(X)[~lf(n)(X)l 8 <_ h(x)G(x)r/tF'(x) "/t, (2.4) 
where 
1 ((n - k - 1)!) ':q(x)p(x)-s/tP(x)r(t-1)/t" h(x) 
We integrate both sides of (2.4) over [a, b] and make use of HSlder's inequality. Then we obtain 
~ b q(x)lg(k)(X)lrlf(n)(X)l s dx <_ fab h(x)G(x)r/tF'(x) "/t dx 
<_ I G(x)r/SF'(x) dz 
(2.5) 
where 
Similarly, we get 
(]b )'-'/' 
I = h(x) t/(*-*) dx 
f~ q(x) s(k)(x) r g(")(~)l ~ -< I f(~)r/'C'(~)dx (2.6) 
In what follows, we need the simple inequalities 
Ca(A + B) ~ < A a + B ~ < D,~(A + B)", (A, B > 0), (2.7) 
where 
1, 
Ca = 21_.,, 
if O _< c~ _< l, and j '21-~'  i fO<~<1,  
ifc~>l, D~=~ I, if~>_l. 
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Let 13 = r/s; from (2.5), (2.6), and (2.7) with a = s/t  E (0, 1) we conclude 
f bq(x) [Ig(k)(zll~lY('~)(xll 8 + l:(k)(xllrlg(")(z)r] dx 
[(; )° (z )°] <_ _r G(x)°F'(z) az + F(z)~G'(z) dz (2.8) 
(; )° _< I21-~ [G(z)~F'(z) + G'(z)F(z)~] dz . 
Using G(a) = F(a) = 0 and (2.7), we obtain 
f b [a(z)~F'(z) + F(z)~a'(z)] dz 
= (a(x)e + F(x)~) (a'(z) + F'(~)) d~ - (a(~)~a'(x) +F(z)~F'(~)) d~ 
f b (a(b) ~÷1 + F(b) ~÷~) 1 <_ Da (G(x) + F(x))  ~ (G(x) + F(x)) '  dx - 13 +---~ (2.9) 
DZ 1 (G(D)]3÷ 1+ F(b)~+l) 
= 13 + 1 (G(b) + F(b)) ~+1 13 + 1 
< Da - 2 -~ (G(b) + F(b)) ~+1 .
- 13+1 
Hence, from (2.8) and (2.9) we conclude 
fabq(x) [Ig(k)(x)l"lf(")(x)l" + If(k)(x)l"lg(")(x)l "] dx 
<_ 21-o  ( - ° \ ~'-+'i ,] (G(b) + F(b)) (a+l)a 
which is equivalent to inequality (1.3) with K* instead of K. This completes the proof of Theo- 
rem 1. | 
REMARK. If we set a = 0, b = h > 0; r = s = 1, t = 2; k = 0, n = 1; p - q _= 1; and f = g, then 
inequality (1.3) with K* instead of K reduces to Olech's inequality (1.2). 
3. TWO FURTHER INEQUALIT IES 
In the final section, we consider briefly two further Opial-type inequalities of Agarwal and Pang 
which were recently published in [6]. We show that a slight modification of the proofs given by 
the authors leads to refinements of their theorems. The first result is related to inequality (1.3). 
THEOREM D. Let r > O, s > O, a > O, and 13 > 0 be real numbers with 1/ex + 1/13 = 1 and 
ra > 1, and let p E C°[0, h] be nonnegative. Furthermore, let f and g be absolutely continuous 
on [0, h] with f(O) = g(O) = f (h)  = g(h) = O. Then we have 
oh p(x) [[f(x)[r[g'(x)[ s + [f'(x)[Slg(x)[ r] dx 
_< I1 ([f'(x)l ra + Ig'(x)r a) dx + ~ ([f'(x)[ s# + [g'(x)[ s ' )  dx , 
where 
I1 /o  h I 1/a I1 = ~ (z (h  - x ) ) (~- i ) /2p(z )  ~ dx 
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The second theorem provides an inequality involving higher-order derivatives of only one func- 
tion. 
THEOREM E. Let rk > 0 (k = 0, 1 , . . . ,n  - 1) and s > 0 be real numbers with sa > 1, where 
a = ~-~k=0n-* rk. Let p 6 C ° [0, h] be nonnegative. Further, let f 6 C n-1 [0, h] with f(~)(0) = 
f( i) ( h ) = 0 for i = O, 1, . . . ,  n - 1, and let f(n-1) be absolutely continuous on [0, h]. Then we have 
h (n~i1 )8 n_l fohf f p(x) I/(k)(x)l "~ dx < __I2 ~ r~ (k+l)(x)lsa dx, (3.2) 
Jo \ k=0 dr = 
where 
I2 = "~ (x(h - x))(8~'-l)/2p(x) dx. 
We shall prove that in (3.1) and (3.2) the factors I1 and h can be replaced by smaller terms. 
We need the following lemma. 
LEMMA. Let A > 1 be a real number, and let p 6 C°[0, h] be nonnegative, b-hrther, let f be 
absolutely continuous on [0, hi with f(O) = f(h) = O. Then we have 
h h ~(x)  dxfohlf,(x)lXdx. (3.3) fo P(x)lf(x)l~ dX < fo xl -x x) 1-x 
PROOF. Let x 6 [0,h]; if A > 1, then we obtain from HSlder's inequality 
/0" If(x)l x_< I f '(t) l  dt <_ x x-x If '(t)lX dt 
and 
Z I/(z)l ~ _< (h -  x) ~-x I .f '(t)l~dt. 
Since these inequalities are also valid for A = 1, we obtain for x 6 (0, h) and A _> 1: 
I /(z)l  ~ (z x-~ + (h - z) l -x )  _< I/ '(z)l ~ dz. (3.4) 
Finally, we multiply both sides of (3.4) by p(x)/(x 1-)~ + (h - x)X-~), and integrate over [0, h]. 
This leads to inequality (3.3). | 
Now we are in a position to establish refinements of Theorems D and E. 
THEOREM 2. Let the assumptions of Theorem D be fult~lled. Then inequality (3.1) remains valid 
if the factor Ix is replaced by 
I~ = x 1 -~ '  + (h  - x )  1 - r~ dx  
PROOF. Applying HSlder's inequality, the Lemma, and the arithmetic mean-geometric mean 
inequality, we obtain 
fohp(x)[f(x)F[gt(x)'Sdx <~ (fohp(x)a[f(x)'radx)l/ct (foh[gt(x)[S13dx)l/13 
" h . l l a  \ Xla 
{l fob X fob } _< zt I/'(z)l TM dx + -~ Ig'(x)l "~ dz , 
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and 
j~o h {1 j~0h l~0h } p(x)Ig(z)Ir[f'(x)l s dx <_ I~ -~ Ig'(x)r a dx ÷ -~ I f ' (x ) r  ~ dx . (3.6) 
From (3.5) and (3.6) we obtain inequality (3.1) with I~ instead of I1. 1 
THEOREM 3. Let the assumptions of Theorem E be fulfilled. Then inequality (3.2) remains valid 
if 12 is replaced by 
~o h p(x) 
1~ = x 1-sa + (h - x) 1-8`" dx. 
PROOF. Applying the arithmetic mean-geometric mean inequality and the Lemma, we get 
~0 h (]7"\~__~n-1 )s  ¢= _1~ ~0 hr  
(7 k=O 
1 ~  h ~(--~) ~o h 
<_ - rk Xl_S a X)l_.a dx [f(k+l)(x)[Sa dx 
ff k=O 
n-1 rh 
REMARK. The geometric mean-harmonic mean inequality 2ab/(a+b) <_ (ab) 1/2 (a, b > 0) implies 
I~ <_ 11 and I~ _< 12. 
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